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Abstract

PYGFMC is a JAX-based implementation of Green’s function Monte Carlo for ground
states of sign-problem-free quantum lattice models. On GPUs it reaches nearly three
orders of magnitude higher throughput than on CPUs, and is scalable across multiple
devices. This enables ensembles of up to 107 walkers and expressive guiding wave-
functions, including high-dimensional neural quantum states. As a result, PYGFMC
can access ground states of systems in which other quantum Monte Carlo methods
struggle to equilibrate. We demonstrate its capabilities on the notoriously difficult
problem of quantum spin ice. The package provides several built-in Hamiltonians
and guiding wavefunctions that can be trained using NetKet. It computes both
diagonal and off-diagonal observables. Documentation and code are available at
https://github.com/robin-schaefer/PyGFMC.
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1 Introduction

Quantum Monte Carlo methods [1, 2] hold the promise of efficiently solving sign-problem-
free quantum many-body problems. Where they apply, their statistical approach makes them
the method of choice. They are neither limited to small system sizes, as exact diagonal-
ization [3-7] is, nor to low dimensionality and area-law entanglement, as tensor network
methods [8-10] are. They also avoid the challenging variational optimization on which neu-
ral quantum states [11-13] rely. However, while efficient in principle, much of the exotic
physics encountered in sign-problem-free models, such as quantum spin liquids [14-21] or
spin glasses [22-27], can pose severe challenges in practice. In particular, when nearly degen-
erate low-energy states are present, reaching low temperatures or the ground state requires
long equilibration times that grow rapidly with system size. Consequently, obtaining clean
statistical data may require substantial computational resources.

We present PYGFMC, a Python library for quantum Monte Carlo, aimed at sign-problem-
free models that are hard to equilibrate. A Hamiltonian H is sign-problem-free if

H, . =(x|H|x") <0 €))

for all basis states |x) # |x’). PYGFMC implements the Green’s function Monte Carlo (GFMC)
algorithm [28-30], a stochastic projection onto the ground state (see also Refs. [31, 32]).
By performing a walk with population control, GFMC samples the ground state and provides
access to diagonal and off-diagonal observables. Its advantage over other quantum Monte
Carlo methods is the ability to include arbitrarily complex guiding wavefunctions, which are
either chosen by hand or optimized numerically beforehand [33-35]. These approximate the
ground state and thereby improve the performance substantially.

PYGFMC is written in JAX [36, 37], allowing parallelized execution on CPUs and GPUs.
GPU acceleration achieves a speedup of roughly three orders of magnitude over the CPU baseline
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and is scalable across multiple GPUs, making walker populations of up to 107 possible. This
hardware-based improvement makes more expressive guiding wavefunctions possible. The
GPU compatibility naturally suits the NetKet [38,39] infrastructure, which provides access
to generic variational states and training environments for guiding wavefunctions. These can
be included in PYGFMC through its modular design, which likewise allows users to add their
own Hamiltonian classes. The following Hamiltonian classes are pre-implemented:

* generic spin-S Hamiltonian (including an optimized class for S = 1/2)
* Bose-Hubbard model

* Kitaev’s toric code model [40]

* Rokhsar-Kivelson model [41]

The source code, installation instructions, example notebooks, and the documentation are
available at https://github.com/robin-schaefer/PyGFMC.

The paper is organized as follows: Section 2 provides a brief overview of the GFMC al-
gorithm, including the role of the guiding wavefunction, and the estimation of diagonal and
off-diagonal observables. It also discusses different sources of errors and how to mitigate them
by adjusting the control parameters of the algorithm. Section 3 applies PYGFMC to concrete
models. First, as a proof of concept, we solve the one-dimensional transverse-field Ising model
and discuss the convergence. Second, we tackle the notoriously difficult, three-dimensional,
and frustrated problem of quantum spin ice [42-45]. For small, ferromagnetic transverse cou-
plings, it hosts a U(1) quantum spin liquid. We study the phase transition from the liquid into
the ferromagnet, which is challenging to equilibrate at low and zero temperature for quantum
Monte Carlo due to the small transverse exchange parameters [19,20]. Furthermore, we study
excitations in the effective model describing the spin liquid. Section 4 documents the package
layout and walks through the API. Lastly, we conclude in Section 5.

2 Green’s Function Monte Carlo

The GFMC algorithm is a stochastic projection onto the ground state of sign-problem-free
Hamiltonians, using a fixed number of walkers [1, 28, 29, 46]. Unlike most other quantum
Monte Carlo methods, such as the stochastic series expansion [2,47,48], GFMC is a ground-
state method and does not give access to finite-temperature properties. However, excited states
can be computed in different symmetry sectors of the Hamiltonian, which are, for example,
defined by the particle number or a topological quantity (see Section 3.3).

We give a brief overview of the algorithm, important details within our implementation,
sources of errors, and the control knobs needed for good convergence. For further reading we
recommend Refs. [1,29].

2.1 Walker propagation

A fixed number of walkers sample the ground-state amplitudes by exploring different configu-
rations in the Hilbert space. The algorithm can be understood by means of the power method.
We define the nonnegative matrix

T=A1—H. (2)

Let H |¥,) = E, |¥,) be the ground state of H. For sufficiently large A, |¥,) is the eigenstate
of T with the largest eigenvalue in magnitude, and can therefore be obtained by applying T a
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total of p times to a random initial state |¥) with |(¥|¥,)| > 0:

p—0Q

TP ) — [¥p) (3)

which converges to the ground state for sufficiently large p.

The projection is carried out by a population of n,,., walkers represented in a basis of
the Hamiltonian, e.g., the computational S* basis. Each application of T acts as a stochastic
process whose matrix entries determine the transition probabilities of every walker. Given
a current configuration |x), the probabilities of transitioning to a new configuration |x'> or
remaining in the same configuration are

A—hy
= .

Do =—7>20 and  pg, >0  with b, =2A-> ho, (4
X x/

where h,/, = (x’ }H |x) are the matrix elements of the Hamiltonian connecting |x) to |x’ )
The sum runs over all x’ (including x’ = x). We refer to each application of T as a transition,
whether or not the configuration changes.

The probabilistic interpretation requires the positivity of all entries of T, which is guaran-
teed by the sign-problem-free property of the Hamiltonian: —h,/, > 0 for |x) # |x’ > A must
be chosen large enough that A—h,. , > 0 for every configuration visited, allowing mixed signs
in the diagonal part of the Hamiltonian.

Since the transition matrix is not stochastic, correct sampling requires a weight attached
to each walker given by the column sum b,. For each transition out of |x) (whether or not it
enters a new configuration), the walker acquires a weight b, that must be tracked. Note that
if T were a truly stochastic matrix (nonnegative entries with columns summing to one), every
walker would acquire the same weight and the weights would not need to be considered.

For large enough p, the walker ensemble, weighted by these accumulated factors, sam-
ples the amplitudes of the ground-state wavefunction |¥,). Note that the sign-problem-free
structure of H guarantees that the ground-state wavefunction has no relative signs or phases.

2.2 Branching

Different walkers accumulate different weights over the course of their evolution. Since each
weight is a product over many transitions, the spread of the weights grows exponentially, and
a few walkers dominate the ensemble while most others contribute only negligibly. This leads
to a collapse of the effective sample size. To circumvent this, the population is systematically
controlled and walkers that have accumulated large weights are replicated, while those with
small weights are removed [49,50]. The ensemble size is fixed.

The branching step is performed every ng.,, transitions, by which point the i-th walker has
accumulated the weight

Ntep
wi = [ [bx 5)
k=1

where b xip 1 the column sum encountered at the k-th transition among the walker’s last nge,
transitions. We use a correlated branching scheme where a single random number { ~ U(0, 1)
generates the n ., quantiles z, = (a + £)/Nyaker for @ = 0,..., Nyaer — 1, and the new
ensemble is drawn from the cumulative distribution induced by the weights {w;} at these
{2z,}. This systematic scheme reduces the variance without introducing bias [1,29]. Notably,
when all weights are equal every walker survives the branching step unchanged.
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Figure 1: Ilustration of a branching step on a four-walker ensemble. The weights
w; above the incoming arrows are accumulated over the preceding n., transitions.
Each walker also carries a local energy e, = A —b,.. From these the average weight
w,, and weighted local energy e, of Equation 6 are computed and recorded for the
energy estimator Equation 7. The correlated reconfiguration then redraws najer
walkers from the distribution of weights: walker 1 has a large weight and is replicated
(two outgoing arrows); walker 2 has a small weight and is dropped (no outgoing
arrow).

Before the n-th branching step we compute the average weight w, across the ensemble
and the weighted local-energy estimator é,:

1 Nyalker 1 Myyalker
W, = Wi, &= ——— > we, with e, =A-b, ()
Nyalker i=1 Nyalker Wn i=1

where b, is evaluated on the current configuration of the i-th walker. The weights are set to
unity after the branching. Figure 1 illustrates the branching step on a four-walker example.

The final ground-state energy estimate as a function of p branching steps is obtained from a
single Markov chain by evolving the walker ensemble and recording (w,,, €,) at every branching
step:

I
—

Zn Gn én T

with G, = Wo_;. (7)

3G L3

Note that from here on p counts branching steps rather than individual applications of T.

Eolp] =

Il
o

2.3 Propagator

PYGFMC offers two schemes for accelerating walker propagation. One is discrete and based
on the single-step walker update described above, whereas the other is formally obtained in
the limit A — o0, leading to a continuous imaginary-time variable.

Discrete formulation. Using the diagonal-stay probability p; = p, , from Equation 4, we
sample the number k of consecutive diagonal moves before the walker finally transitions to an
off-diagonal configuration. k is geometrically distributed and can be sampled via
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where ¢ ~ U(0,1) and |- - - | denotes the floor function. The walker accumulates the weight
b j:“ from k diagonal moves and the subsequent off-diagonal transition, after which it is prop-

agated to a new configuration |x’ ) drawn from the off-diagonal part of Equation 4. This
procedure repeats until ny,, substeps are reached.

Continuous formulation. In the limit of A — oo with fixed imaginary-time length f = p/A

the discrete power method turns into the exact imaginary-time propagator e ¥

A1—HY = 2 (1-4) — apepH, ©)

A—00

so that p steps realize an imaginary-time evolution e ¥ up to a configuration-independent
prefactor AP that cancels in the end. In this limit, the discrete hold count of Equation 8 becomes
a continuous variable,

log(1—4)
Zx’;éx hx’,x ’

where Zx,7éx h, , < 0is the sum over all off-diagonal elements from |x). Since log(1—) <0,

dp = (10)

the hold time dp is positive. Over a duration of df3 the walker accumulates the weight e=®x9#
after which it transitions to a new configuration with the same off-diagonal probabilities as in
the discrete formulation. The procedure repeats until the imaginary-time step f is reached.
Note that A no longer enters the formalism.

PYGFMC implements three different propagators, which can be chosen using the "method"
keyword:

* "single_step": the elementary single step.
* "multi_step": multiple discrete steps at once (discrete formulation).

* "cont_time": continuous imaginary-time variable (continuous formulation).

Neither accelerating scheme ("multi_step" or "cont_time") is GPU-optimal, since both rely
on a while-loop. However, both still deliver substantial speedups whenever the diagonal-stay
probability p; of Equation 4 is non-negligible.

2.4 Guiding wavefunction

The performance of the algorithm can be significantly improved by providing a guiding wave-
function 1 that approximates the ground-state amplitudes, ¢ (x) ~ (x|¥,). In some rare
cases the ansatz can also eliminate a sign problem present in the original basis, for instance
via the Marshall sign rule [51].

The guiding wavefunction alters the transition probabilities of Equation 4 to

Dy x = —hxl’x — _QIJT(X/) hx’,x i ZwT(x)
o by Yr(x) b, ’ Yr(x)

Similarly, the energy estimator and observable expectation values (see below) pick up the same
factor vy7(x’)/y1(x). Crucially, the algorithm requires only the ratio of guide amplitudes
between two configurations. Within PYGFMC, the guiding-wavefunction class returns the log-
difference log[vy 7 (x") /4 1(x)] = logy+(x") —log+(x) for every possible transition of the
Hamiltonian.

When 1+ is close to the true ground state, statistical fluctuations are suppressed. In the
limit ¢ (x) = |(x|¥y)|, the fluctuations in the local energy and branching weight vanish en-
tirely. In this ideal case every walker carries the same weight and the same local-energy esti-
mator, equal to the ground-state energy itself.

(11)
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2.5 Observables

The walker ensemble lets us evaluate diagonal and off-diagonal observables in the ground
state. We begin by discussing the forward-walker technique required to compute off-diagonal
expectation values. Diagonal observables can be evaluated within the main Markov chain,
reducing computational cost significantly.

Off-diagonal observables. To measure an off-diagonal operator O, a fresh short Markov
chain of length p/2 must be launched. Let |x) be the current configuration of a walker. The
operator O is applied stochastically, and a target configuration |x’ ) is drawn with probability

x'x = B x!.x» 12
P = U0 o $r) O (12

Pr(x’) Oxr Pr(x’)

_ 0, = Z

x/
where o,/ , = <x' | O |x) are the matrix elements of O. The configuration of the walker is
updated accordingly and the estimator o, is assigned to it. The updated ensemble is then
evolved under the Hamiltonian for p/2 branching steps. At each branching event a replicated
walker duplicates its estimator o,., while a discarded walker’s estimator is lost. This procedure
is sketched in Figure 2, where four walkers are evolved over two branching events, and the
estimator values attached to each walker propagate according to the reconfigurations of the

auxiliary chain. After p/2 steps we record the mean of the inherited o, values

1 Myalker
6n—p/2 = Z Ox;(n)> (13)
Nyalker i=1

together with the branching-weight product of the auxiliary chain

p/2—1
aux __ —aux __ —aux ... 5Aux
G” - l_[ Wn—j - Wn—p/2+1 Wy - (14)
j=0

The final estimator then resembles Equation 7, but combines p/2 weights of the main chain
with p/2 weights of the auxiliary chain:

o[p] =

Z GhalfGaUX6 /2 p—1
s 2 with M= [ W (15)
n n

j=p/2

G;‘alf denotes the half of G,, covering the steps n—p+1,...,n—p/2. The other half is obtained
from the auxiliary-chain weights Gi"*. The main-chain G, in the denominator is the same as
in Equation 7.

The branching in Equation 12 requires nonnegative matrix elements of O. If O has negative
matrix elements, it can be decomposed into positive and negative parts, O = Opqs + Opeq, and
each contribution is computed separately:

<O> = <Opos> - <_Oneg> . (16)

The same trick handles complex operators by splitting them into real and imaginary parts.
Note that launching an auxiliary chain to measure the off-diagonal operator increases the
runtime by a factor of p/2 per observable.
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Figure 2: Forward-walking estimator illustrated for four walkers over p/2 = 2
branching steps of the auxiliary chain. The operator is applied at step n — p/2, at-
taching the estimator o, to each walker. The estimators are updated following the

reconfiguration at every step, where replicated walkers inherit their parent’s o,.. The
walker mean of the surviving estimators at step n defines 0,_,,, in Equation 13.

Diagonal observables. No auxiliary Markov chain is needed to compute the expectation
value of a diagonal operator O since it does not trigger a transition. We can simply obtain
the estimator from the main Markov chain. At branching step n — p/2 we attach to every
walker i its current diagonal element o, = (x;|Ox;) and follow these estimators through the
next p/2 branching events of the main chain. The walker mean at step n defines 0,_,/, as
in Equation 13, and the diagonal estimator O[p] has the same form as Equation 15 except
that the auxiliary-chain product G"™* is replaced by the corresponding main-chain product

l_[;) i %_1 w,_; since both halves of the projection are along the main Markov chain:

Zn Gn 6n—p/2
Oolpl = ———.
Zn Gn

No probabilistic branching of O is involved here, so the diagonal pipeline imposes no pos-
itivity restriction on O.

(7)

2.6 Convergence and error control

Obtaining well-converged results is difficult. It requires understanding why a simulation has
failed (or is converging poorly) and how to improve it. Therefore, we first discuss the two
main sources of error and how to identify them, and then explain how to mitigate them.

2.6.1 Sources of error

The two sources of error are (i) a systematic bias from an insufficient projection depth and (ii)
statistical uncertainty.

(i) Insufficient projection. The energy and every observable must be examined as a function
of projection steps (branching events). The estimator initially drifts until it settles to a plateau.
The data have converged when the plateau is stable over several consecutive values of p.
However, when the number of projection steps p is pushed too large, the plateau deteriorates,
either through a slow drift or rapid changes. This signals a failure of convergence, and the data
cannot be trusted (see below). Importantly, the deterioration can happen before the plateau
is reached, meaning that the simulation is not capable of reliably resolving the ground state
with the current settings.
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(ii) Statistical errors. The deterioration comes from a population collapse in which too
many walker lineages have died out, ruining the statistics at deep projection depths. In fact,
after sufficiently many branching events, the entire population descends from a single initial
walker. PYGFMC provides diagnostics for estimating the largest reliably accessible projection
depth. These can be obtained using the statistics function that analyzes the evolution of
a given walker population. It returns a dictionary stats (and an evolved walker ensemble).
The two most important entries are:

* stats[’unique_fraction’]: the fraction of unique configurations present after each
branching step. For the correlated branching scheme employed here, we recommend
that this fraction remain above roughly 0.9. When the step size between two branch-
ing events is too large, a few walkers dominate the evolution and many others die out.
Therefore, the number of distinct configurations decays. Conversely, when the step size
is too small, the walkers have too little time to accumulate different weights and essen-
tially none die out. The fraction stays close to 1.

* stats[’effective_sample_size’]: the effective sample size counts how many of the ini-
tial walkers effectively contribute descendants after a given number of branching steps.
We define c; as the number of present walkers descending from the i-th walker. The
effective sample size is

2
(Se)
neff(P) = : 12 = wall:;r € [analker]- (18)

[} i

If the entire population has collapsed after p steps (with ¢; = n, .., for one i and zero
otherwise), nqg = 1, indicating that p has been pushed too large. If, on the other hand,
no walker has died out after each step (c; = 1 for all i), nqg4 = nyaker and the statistics are
optimal. In the single-step example of Figure 1, we have ¢; =2,¢c, =0,and c3 =c4, =1,
leading to ne (1) = 16/6. We recommend that n.g 2 50 in order to obtain sufficient
statistics. However, this may vary between different observables and models. Note that
an observable is measured at the midpoint of its projection window, so the relevant depth
is m = p/2 rather than the full p.

The other source of statistical noise is an insufficient number of measurements. The al-
gorithm is run for nge,, branching steps, which must be chosen large enough to resolve the
numerator and denominator of the estimator to the required precision. For a well-adjusted
simulation, the error bar decreases as 1/ ,/Tieps, Where ngep, is the number of measurements
(branching steps) performed. However, since consecutive measurements are correlated, only
a reduced, effective number (defined through the autocorrelation time [52]) of measurements
is statistically independent.

The autocorrelation time is returned by the production run (see Section 4.5) as part of
the stats dictionary. It is computed for the logarithmic weights, the energy estimator, and
every measured observable. Given a measurement series O, of length ng.,,, we compute the
normalized autocorrelation function

_ e 1 oMo -0
PO=Fy GO ;(on 0)(0pse—0), (19)
and sum it to a cutoff M,
1 M
AM) = - + > p(0). (20)
t=1

We choose M self-consistently as the smallest value M satisfying M > 5A(M). The effective
number of measurements is reduced to nyps/(2A). The values are stored in stats under:

9
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scalar
scalar
one entry per p
one entry per p

stats[’autocorrelation/energy_estimator’]
stats[’autocorrelation/log_weights’]
stats[’autocorrelation/diag/<name>’]
stats[’autocorrelation/off_diag/<name>’]

H H HH

The observables are listed per number of branching steps p, which corresponds to the averaged
estimator after m = p/2 branching steps. Note that this is just the observable estimator and
does not include the weight obtained over these m steps.

PYGFMC estimates the statistical error from a single Markov chain using a blocked jack-
knife [53,54] by calling evaluate_observables (see Section 4.5). We divide the entire Markov
chain into ny),q, contiguous blocks. For b =1, ..., npjs, We compute the estimator by delet-
ing the b-th block from the Markov chain. We define this reduced estimator as ©;. The
jackknife error is obtained from the variance of these estimates,

1 Tblocks

O'Z — NMplocks —

~\2 - 1
(6,-06)", 6=
NMplocks b=1 NMplocks b

0. (21)

However, we recommend performing several independent simulations and taking the standard
error of their mean to obtain error bars on an observable or on the ground-state energy.

2.6.2 Control parameters

The performance of a GFMC calculation can be greatly improved by carefully adjusting the
simulation parameters. We discuss these control parameters and how to tune them, but first
emphasize an important point: The quality of a simulation, especially for systems that are
difficult to equilibrate, depends crucially on the guiding wavefunction. A good variational
ansatz is the key to tackling challenging problems, and effort should be invested in optimizing
it before undertaking large-scale simulations.

Projection depth. The projection depth 7 is determined by the product of the branching
interval (nge, in the discrete method or 8 in the continuous method) and the number of
branching steps p divided by 2:

T = gnstep (discrete), T = g B (continuous). 22)
Note that 7 in the discrete and continuous methods should not be compared directly.

The goal is to reach the largest possible T while maintaining good statistics. The statistics at
a given T depend on the step size between branching steps, which must balance two competing
demands: First, if it is too small, walkers do not have sufficient time to accumulate weight,
and branching cannot efficiently remove low-weight walkers. Second, if it is too large, weight
accumulates excessively and only a few walkers survive each reconfiguration.

To identify a suitable step size in advance, we recommend scanning a range of step sizes
and maximizing the effective sample size n.g(7) from Equation 18 as a function of 7. We
perform this optimization in Figure 4(a), which shows n.s as a two-dimensional heat map
on a log scale as a function of step size 8 (continuous propagation) and projection depth 7.
It includes contour lines to guide the eye. We find that, for a given 7, there is an optimum
around 3 ~ 0.15, and n.g decreases as f3 increases from approximately 0.25 to 1. Note that
the computational cost of propagation is usually lower for larger values of 3, and the aim is
typically to pick the largest value of 8 with sufficiently large ng.

10
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Figure 3: Throughput in iterations per second as a function of the walker population
Nyalker fOr the one-dimensional Heisenberg chain at L = 100, nge, = 6, and A = 25.
Blue points: CPU runs on an Intel Xeon Platinum 8480 using 1 to 32 cores. Red
points: GPU runs on 1, 2, and 4 NVIDIA A100 (solid) and H200 (dashed) devices.
Each point is averaged over 10 independent runs.

Number of walkers n,, ., The number of walkers is the simplest control parameter: a
larger population generally yields better statistics and allows larger projection depths. On
modern GPUs, PYGFMC can reach up to ny,e ~ 107, which is demonstrated in Figure 3.
However, blindly scaling up the population is not the best strategy, as it is often more effective
to invest in a better guiding wavefunction. Also note that beyond 107, the limited resolution
of float32 starts to affect the cumulative weight distribution used in the branching step.

Diagonal shift A. The diagonal shift A is only present in the discrete methods, and it must
be at least as large as the largest diagonal matrix element encountered to ensure positivity. A
larger A increases the diagonal-stay probability p4, so that walkers require many transitions
before changing their configuration.

The shift can be set to a value smaller than the maximal diagonal element of the Hamil-
tonian as long as the configurations with a larger value are practically never visited. Take a
ferromagnet as an example, where the antiferromagnetic Néel configuration is highly unlikely
and has an exponentially suppressed amplitude. Hence, it is practically never visited within a
finite simulation, and the A value can be safely reduced.

Guiding wavefunction. The key ingredient for tackling problems that are hard to equilibrate
is a good ansatz wavefunction [33-35,55]. The following criteria should be considered:

* The ansatz should be close to the true ground state (the overlap should be maximized).
A simple benchmark for this is a minimal variational energy.

* It should not strongly suppress configurations that are required to access different re-
gions of Hilbert space.

* The ratio between amplitudes that are connected by the Hamiltonian should not be too
large, as this leads to large fluctuations in the simulation.

* Symmetries of the Hamiltonian should be respected.

* The amplitudes of the wavefunction are evaluated at every possible transition, so they
must be cheap to compute. Since the algorithm only requires the ratio between the

11
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amplitudes of two states connected by a few-body Hamiltonian, we recommend Jastrow-
type wavefunctions [56-58] of the form:

logtp7(x) = Y .(c[x]), (23)

ceC

where the sum runs over a collection C of clusters c. c[x] refers to the configuration of
|x) on this cluster, and ®, maps a cluster configuration to a real number.

Each Hamiltonian term typically acts on only a small number of sites, so the logarithmic
difference between two configurations |x) and }x' ) involves only the subset C’ C C of
clusters that contain the updated sites:

logtr(x) —logpr(x') = > [@.(c[x]) — c(c[x'])]. 24)

ceC’

The bulk of the clusters in C remains unchanged, which drastically reduces the compu-
tational cost.

The Jastrow-type ansatz further allows for an easy implementation of symmetries, such
as translations, by simply setting ®. = ® for all c.

3 Examples

We demonstrate the capabilities of PYGFMC with three examples. First, we study the one-
dimensional transverse-field Ising model to benchmark the convergence of observables (Sec-
tion 3.1). Second, we resolve the transition between a U(1) spin liquid and a ferromagnet
on the three-dimensional pyrochlore lattice. This problem is notoriously difficult to equili-
brate due to its small off-diagonal matrix elements (Section 3.2). Third, we compute string
excitations in the U(1) quantum spin liquid phase on the pyrochlore lattice (Section 3.3).

3.1 Transverse-field Ising model

We study the one-dimensional transverse-field Ising model on a periodic chain with N = 100
sites:

HTFIMZ_‘]ZZO-?O-?+]_—thG;(J (25)
i i

with J, = 1. The model has a zero-temperature phase transition at the critical point h, = J,,
separating a ferromagnetic (h, < J,) from a paramagnetic (h, > J,) phase.
We use a single-parameter, nearest-neighbor Jastrow ansatz as a guiding wavefunction:

log ¥ 7(x) = —Brastrow(hic) D 0507, . (26)

We cap its magnitude at |Bjuspowl < 0.3 to prevent the walker population from freezing.
This affects the values in the ferromagnetic phase for h,, < 0.9. In the paramagnetic phase,
Basow = 0 (or equivalently, no guiding wavefunction) is a good ansatz, as it becomes exact
for h, /J, — oo. The model is exactly solvable and serves as our benchmark [59].

Figure 4 presents results at the critical point and examines the optimal choice of step size
p for continuous-time propagation. Panel (a) shows the effective sample size n.g from Equa-
tion 18 (median over 16 simulations) as a function of the step size 8 (x-axis) and projection
depth T = mf} (y-axis) on a logarithmic scale. We find that survival is optimal (n.¢ is maximal)

12
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Figure 4: Data for the transverse-field Ising model in Equation 25 at the critical point
with N = 100 on a periodic chain. Panel (a) shows the effective sample size from
Equation 18 (median over 16 independent runs) on a logarithmic scale as a function
of step size 8 (continuous propagation) and the total projection depth T = mf3. Panel
(b) shows the difference from the exact ground-state energy for six different step sizes
as a function of total projection depth. It further indicates n.g at different values of
7 for B = 1.5. Panel (c) shows the averaged nearest-neighbor (1/N)>;; 0707,
correlator and marks n.g for f = 0.25. The data in panels (b) and (c) were ob-
tained using ny,per = 2'7 and ngeps = 2- 10°. Panel (d) shows the transverse mag-
netization (1/N) Y. o} per site, which has been computed using the off-diagonal
forward-walking technique. These data were obtained with only n, ., = 2'° and
Ngeps = 64+ 10%, and an off-diagonal stride of 64 (10* measurements in total). The
red line shows the magnetization computed from the energy and the correlator using
the data from panels (b) and (c) for 8 = 1.5. Error bars show the standard error of

the mean over five independent runs.
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near 3 ~ 0.15 for the tested values of 7. The effective sample size decreases as 3 increases
from approximately 0.25 to 1.

Panel (b) shows the convergence of the energy as a function of projection depth for the
step sizes marked on the axis of panel (a). Remarkably, the energy is resolved to a precision of
107> after only a few 7. The two largest step sizes (8 = 1.5,1.25) fail to resolve the plateau
to this precision, since the walker distribution collapses beyond 7 ~ 10. For # = 1.5, we mark
the n.¢ values at selected projection depths 7. The simulations with § =1 and 8 = 0.75 lose
convergence beyond 7 ~ 30 and 7 ~ 80, respectively. The smallest values of  (# = 0.25,0.5)
resolve the plateau up to the largest projection depth considered, T = 100.

Panel (c) shows the averaged nearest-neighbor correlator o707, ;. The correlator is less
precise than the energy, and its initial deviation from the exact value at small 7 is much larger.
All step sizes follow the same curve until the larger step sizes lose convergence. We mark the
effective sample size for f = 0.25, allowing comparison with the = 1.5 results in panel (b).

Panel (d) shows the off-diagonal transverse magnetization per site. These data are ob-
tained for fewer walkers and shorter projection depths because the off-diagonal measurement
is substantially more expensive, scaling as max(7). Consequently, convergence is lost earlier
than in the diagonal calculations in panels (b) and (c). However, the transverse magnetization
can also be computed from the energy, panel (b), and the o*c* correlator, panel (c), and is
shown in red for the largest step size f = 1.5. This shows that a larger walker ensemble is
capable of resolving the transverse magnetization more reliably.

Figure 5 shows the averaged nearest-neighbor correlator and the total transverse mag-
netization per site at increasing projection depths v for different h, values. Away from the
critical point (h, < 0.9 or h, > 1.1), both observables converge rapidly for T < 10. At and
near the critical point, comparable convergence requires larger projection depths, T ~ 50. Our
simulations resolve the diagonal correlator reliably across the entire parameter space. The off-
diagonal forward walking was carried out only up to T = 10 and therefore does not converge
near the critical point. However, the transverse magnetization obtained from the diagonal
run at T = 120 via ) (0¥) =— (Eo +J, Zi(ofafﬂ)) /h, (red squares in Figure 5) converges
across the entire parameter range considered.

3.2 Nearest-neighbor XXZ on the pyrochlore lattice

The pyrochlore lattice is the archetypal three-dimensional frustrated lattice. It hosts a U(1)
quantum spin liquid phase known as quantum spin ice [42—45]. The lattice consists of corner-
sharing tetrahedra whose centers form a diamond lattice. We use spin-1/2 degrees of freedom
coupled by an XXZ Hamiltonian:

H=>[J,, (5585 +5)s)) + J,575% |. 27)
(o)

It is sign-problem-free for J,, <O0.

In the Ising limit J,., = 0, the model has an extensive classical ground-state degeneracy
equivalent to water ice [60-62]. Weak transverse coupling |J,, | < J, lifts this degeneracy
through quantum fluctuations described by a ring-exchange Hamiltonian, which arises at third
order in perturbation theory [42]:

He=—g >, SIS7S{S;Sts, + he.. (28)
(i,j,k,l,m,n)eO

The sum runs over the hexagonal plaquettes of the pyrochlore lattice and g ~ |J xyls /JZZ. The
ring model gives rise to an emergent quantum electrodynamics with photons, electric charges
(spinons), and magnetic monopoles.
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Figure 5: Deviation of the averaged nearest-neighbor correlator ), (oF0%,1)/N (left)
and of the per-site transverse magnetization ) ,;(0¥) /N (right) from the exact values
versus h, in the transverse-field Ising model from Equation 25 with N = 100 on a
periodic chain. Different colors encode the projection depth 7. The maximal values
for the diagonal and off-diagonal observables are T = 120 and 7 = 10, respectively.
The red squares show the transverse magnetization obtained from the diagonal cor-

relator and energy at T = 120. The same GFMC settings as in Figure 4 were used.

The system undergoes a phase transition into a ferromagnetic ground state as |J,|/J, in-
creases, which is understood as the condensation of spinons. The transition occurs at a small
value, |J,,|/J, ~ 0.1036 [16], which makes equilibration difficult and Monte Carlo simu-
lations challenging [19,20]. To overcome this difficulty, we employ a Jastrow-type guiding
wavefunction that provides a good approximation of the ground state. We parameterize the
guide as log¢(x) = D, ®(c[x]), where ¢ runs over all 18-site clusters formed by the closed
loop of six tetrahedra surrounding a hexagonal plaquette. We refer to these clusters as crowns.
Here, c[x] denotes the configuration of the 18 spins on cluster c. A pyrochlore lattice with N
sites hosts N crowns, and each ®, maps the 2'® configurations to real numbers. We set the
same ® = &, for each cluster and employ various spatial symmetries of the crown cluster that,
together with time-reversal symmetry, drastically reduce the number of independent parame-
ters. Instead of 2!® coefficients, we end up with only 2110 independent parameters that must
be optimized. Optimization was performed using NetKet [38,39].

To resolve the transition into the ferromagnet, we measure the transverse structure factor
atq =0:

S*(q=0) = ]%ZWSI +5;S7). (29)

i<j

S*(g = 0) is extensive in the ferromagnetic phase and intensive in the spin liquid, such that
the order parameter S*(q = 0)/N remains finite in the ferromagnet and vanishes in the spin
liquid as N — oo. Figure 6 shows the structure factor as a function of J,, for different system
sizes. The inset zooms into the transition region J,, /J, € [—0.11,—0.10] and highlights the
transition at

Jxy 31 1

=—g—F -, (30)
J, 300 1200
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Figure 6: Transverse structure factor at the ordering wavevector, S*(q = 0) from
Equation 29, of the nearest-neighbor pyrochlore XXZ model in Equation 27 as a func-
tion of J,., /J,, for different system sizes. In the ferromagnetic regime S*¥(q = 0)
grows extensively with N, whereas it remains intensive in the spin-liquid phase. The

inset zooms into the transition region J,, /J, € [-0.11,—0.10]. The shaded band
marks the transition at J,.,, /J, = —% + ﬁ, where the curves for different N cross.
GFMC parameters: 2% walkers (2!°> for N = 1024 near the transition), 2000 mea-
surements with an off-diagonal stride of T ~ 3 to T ~ 20, and 2 independent samples
per point. We used projection depths from 7 = 14 to 7 = 60 depending on N and

Jyy- See Appendix C for further information.

which is in agreement with Ref. [16]. Appendix C discusses the convergence with the pro-
jection depth T and compares the results to the order parameter evaluated for the guiding
wavefunction alone (without GFMC). While the guide captures the overall trend, it fails to re-
solve the transition reliably. This illustrates how the GFMC projection and a good variational
state complement each other.

3.3 Ring-exchange on the pyrochlore lattice

We demonstrate how PYGFMC can access non-trivial excitations by computing the flux cost
of the effective ring model of Equation 28. The ring Hamiltonian conserves the total electric
flux threading each of the periodic boundaries of the cluster. Preparing the initial walker
population in a chosen flux sector therefore lets us probe the energy cost of flux excitations.
The energy cost of a flux configuration ¢ = (¢,, ¢, ¢,) in a cluster of linear size L scales as
|¢|2/L. This is the characteristic signature of quantum spin ice [44, 63, 64]. Figure 7 shows
the quadratic cost as a function of ¢, and the reciprocal system-size dependence. We have set
the flux through the other surfaces to zero, ¢, = ¢, =0.

4 Package structure and API

The package is organized around five main components, which we describe in turn:
* Section 4.1: Hamiltonian;
* Section 4.2: Initial walker ensemble;

* Section 4.3: Guiding wavefunction (optional);
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Figure 7: Energy cost of a flux sector (¢, 0, 0) in the pyrochlore ring-exchange model
for several linear system sizes L with N = 4L3 spins in total. The inset shows the 1/L
scaling collapse. GFMC parameters: step size ng., = 15, 1 =0, 2'* walkers and 10°
steps per flux sector, number of branching steps p = 48; no guiding wavefunction
has been used.

* Section 4.4: Observables (optional);
¢ Section 4.5: Simulation driver.

PYGFMC can be installed with pip install pygfmc (pip install "pygfmc[netket]" if
you want to use NetKet [38, 39]), or from the source code at https://github.com/robin-
schaefer/PyGFMC.

4.1 Hamiltonian
The Hamiltonian determines the walker propagation. We represent any operator as a sum

M_total-1
H= > h, (31)
i=0

where each term h; produces at most one new state when acting on a basis state |x). Operators

like S* therefore must be split into separate operators, such as St and S~ for spin S > 1/2.
As a minimal example, consider a nearest-neighbor Hamiltonian for spin-1/2 on a one-

dimensional chain with periodic boundary conditions, non-uniform coupling amplitudes cj/ *

and local z-fields m i

L-1 L-1 L—-1
— + (ot a—
H = D myS;+ 265 Stmymoar — 216 (87 Sgenymoar ). (32)
j=0 j=0 j=0

~~

We absorb all diagonal operators into one single operator D.
A Hamiltonian class must include the following attributes and methods:

* M_total: total number of terms in the sum of Equation 31. For the example in Equa-
tion 32, M_total = L + 1 (one diagonal + L hopping bonds).
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* get_rates(config, return_configs=False): given a configuration config, returns the
pair (rates, new_configs). rates is a one-dimensional array of length M_total contain-
ing the weight produced by each h;. When return_configs=True, new_configs contains
the configurations in an array of shape (M_total, N) obtained by applying each h; to
config. It is None otherwise.

Taking the example Hamiltonian in Equation 32 for L = 4 and config = |1100), the
weight array is

rateSZ(d 0 —CI‘L 0 —C?:_L), (33)

withd = %(mo +my;—my—m3)+ %(cg —c} +¢; —c3) as the diagonal element.

The first entry is always reserved for the diagonal operator. It is zero if no diagonal terms
are present. The two interior zeros come from hopping operators acting on aligned
neighbors, as those bonds cannot flip and, therefore, do not generate a transition. The
corresponding new configurations form a two-dimensional array, where row i corre-
sponds to applying h; to config,

(34)

new_configs =

O R 1 =R
—_ = O =
OO mr OO
— O O O O

Rows for diagonal or non-flippable operators are not considered. They simply repeat the
input config in this case.

* generate_state(config, idx): returns the configuration corresponding to row idx of
Equation 34. The propagator calls it whenever get_rates was not asked to materialize
the successor configurations. We recommend not computing all M_total possible con-
figurations, since only the one stochastically chosen is required. This saves memory and
runtime.

* diagonal_weight(config) (optional): returns the diagonal contribution d, which is used
to compute the diagonal expectation values. It can also return multiple values via an
array, which is beneficial if a set of diagonal operators shall be evaluated at once (see
Section 4.4).

Implemented Hamiltonian classes. The following classes are implemented:

* Spin.create(edges, S, J_z, J_pm, J_pmpm, h_z, h_pm, N): spin-S Hamiltonian with
one- and two-body operators:

H=>[7,5:8 +7.(57 87 +h.c.) +1eu(SFSF +hc)]
(@)

— > [hst+ha(st+57)]. (35)

* SpinHalf.create(edges, J_x, J_y, J_z, h_z, h_x, N): optimized XYZ Hamiltonian
for S =1/2 (used in Section 3.1 and Section 3.2):

1

H=) [J,5585 +1,5)8Y +7,5:5% | = > [ h,S? +h, 7] (36)
)]
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ToricCode.create(Lx, Ly, A_s, B_p, h_x, h_z): toric code Hamiltonian with local x

and g fields:
—AZHO‘—BZHO‘—hZO‘—hZO‘ (37)

vV oiex(v) P ieo(p)

BoseHubbard.create(edges, t, eta, U, mu, h_pm, N, n_max): generic Bose-Hubbard
Hamiltonian:

=—tZ (bjb;+h.c.)—n ) (bb! +h.c)
(i.j)

+Z[zni(ni—1)—uni—hi(b;-"+ b)) (39)

PlaquetteModel.create(plaquettes, g, mu): implements ring-exchange flips of
amplitude —g on a collection of even-length plaquettes, with a Rokhsar-Kivelson poten-
tial [41] (used in Section 3.3). The plaquettes are simply given by a two-dimensional
array containing the sites of each plaquette. We define |Op) and |C>p> for the two
flippable configurations on a plaquette p where spins alternate +,—,+,—,... clockwise
or counterclockwise:

H= _g;(|op><op| + 10, {0y ) +“;(|Op><op| + 10, O ) (39)

The off-diagonal term flips a plaquette between its two alternating configurations and
the potential counts the number of flippable plaquettes.

A simple code example to construct the Hamiltonian from Equation 32 is:

import numpy as np
from pygfmc.hamiltonian import SpinHalf

L =8

edges = [(4, (i + 1) % L) for i in range(L)] # 1D PBC chain

J_xy = -np.random.uniform(0.8, 1.2, size=len(edges)) # random per-bond

m = np.linspace(-0.3, 0.3, L) # local z-fields m_j

= SpinHalf.create(edges,

J_x=J_xy, J_y=J_xy, # random per-edge XY
J_z=1.0, # uniform Ising coupling
h_z=-m) # SpinHalf has -h_z Sz, so h_.z = -m

Exact diagonalization. PYGFMC provides an option to compute the ground state (and ex-
cited states) using exact diagonalization:

energies, diag_obs, off_diag obs = exact_diagonalization(

hamiltonian, # any class following the rate protocol
local_hilbert_space=None, # per-site values, defaults to
hamiltonian.local_hilbert_space

N=None, # number of sites, defaults to hamiltonian.N
diag_operators=None, # measured as sum_x |psi_x|~2 0(x)
off_diag_operators=None, # measured as psi~T 0 psi
number_of_states=1, # how many lowest states to solve for

19



SciPost Physics Codebases Submission

It relies on the get_rates function of the Hamiltonian. The local Hilbert space for N sites is
given by local_hilbert_space, which must match the convention of the Hamiltonian, e.g.,
(-1,1) for spin-1/2. Besides the ground-state energy, it returns observables for diagonal and
off-diagonal operators in a dictionary (see Section 4.4).

More details, including a custom Hamiltonian class, can be found in Appendix D and
Appendix E.

4.2 Walker ensemble

The walker ensemble is stored as a two-dimensional array of shape n, s X N, where N is the
system size. Entry [i, j] holds the basis-state value, such as a o* eigenvalue or an occupation
number, of the i-th walker at site j. Any encoding can be used, as long as it is consistent with
the Hamiltonian and the (optional) guiding wavefunction.

Note that the initial walker ensemble must be chosen such that every walker lies within
the symmetry sector of interest, for example, a sector defined by fixed total particle number
or magnetization. We use this in Section 3.3 to target topological electric-flux sectors. If
the initial walker ensemble is spread across different sectors, it samples the different ground
states within these symmetry sectors, and the simulation is corrupted.

PYGFMC provides several routines for initializing the walker ensemble:

* prepare_walkers_random(N_walkers, N_sites, rng_key, states=(-1,1)): each site is
drawn independently and uniformly from states, which encodes, for example, spin-
1/2 degrees of freedom by setting it to (-1,1) or (-0.5,0.5), higher-spin values to
(-1,0,1), or bosonic occupation numbers to (0, ..., N pay)-

* prepare_walkers_sz(N_walkers, N_sites, rng_key, sz=0, states=(-1,1)): random
configurations at a fixed total charge. states defines the local Hilbert space and sz
simply refers to the sum over all sites ), o;.

* prepare_walkers_from_configs(configs) : the walkers are initialized with the given con-
figurations configs of shape (N_walkers, N_sites).

The configuration’s data type is determined by states or configs.
We note that randomly generated initial states are usually poor representations of the
ground-state ensemble, so a warm-up should be executed before the main pipeline.

Continuing the example code for the XXZ chain of Equation 32, which conserves the total
magnetization, we initialize the walkers in the S = 0 sector.

import time, jax
from pygfmc.walkers import prepare_walkers_sz

rng jax.random.PRNGKey (int (time.time()))  # time-seeded
rng, key = jax.random.split(rng)
walkers = prepare_walkers_sz(N_walkers=512, N_sites=H.N, rng_key=key, sz=0)

4.3 Guiding wavefunction (optional)

The algorithm requires only the ratio y(x’)/v+(x), so the guide class returns the log-
difference log1 (x")—log(x) for all M_total successor states of the current configuration.
At least one of the following three methods must be implemented:

20



SciPost Physics Codebases Submission

* log_diff_from_operator(config, hamiltonian, cache=None): evaluates the log-
differences directly from config and the hamiltonian. This function does not require
the materialized M_total configurations and computes the logarithmic difference on
the fly. This saves memory and runtime.

* log_diff_from_configs(config, new_configs, cache=None): takesthe pre-materialized
new_configs array from get_rates(config, return_configs=True) (see Equation 34).
This function is used as a fallback when the previous method is not available.

* log _psi(config, cache=Nomne): evaluates the log-amplitude logv  directly for a given
config. It is used as a last fallback when neither of the other two methods is available.

The guide may optionally provide a function build_cache (hamiltonian), which returns a
cache object that is passed to the methods above. For example, it can store system-specific
information, which often helps to speed up the calculation.

PYGFMC has different pre-implemented guides:

* JastrowSpinHalf (N, pairs, beta, h=None) for SpinHalf: the pairwise ansatz used in
Equation 26

Yr(x) = exp( = > B0t ot + » hot), (40)
(L.7) i

where f3;; (h;) can vary across spin pairs (sites) or be a single global parameter.

* JastrowSpin(N, pairs, beta, h=None, d=None) for Spin: similar to the ansatz in Equa-
tion 40:

Yr(x) = exp(_Zﬂijxixj+Zhixi_zdixi2); (41)
) i i

where x; € {—S,...,S} is the eigenvalue of S? and d; is a single-ion term.

* JastrowBoseHubbard(N, pairs, beta, h=None, d=None) for BoseHubbard: similar to the
ansatz in Equation 41:

Yr(x) = exp(_Zﬂijxixj+Zhixi_zdixi2); (42)
(i.j) i i

where X; is the occupation of site i and d; is the Gutzwiller factor.

* ClusterCPS(groups, amplitudes=None, init=’zero’, seed=None) for SpinHalf: a cor-
relator product state [57,58], which assigns one variational parameter to every configu-
ration of a local cluster, ®.(x.) — R, using a lookup table. Here x, is the local config-
uration on a cluster ¢. Symmetries can be embedded, making local clusters of up to 18
sites possible. This ansatz has been used in Section 3.2.

* ClusterMLP(groups, params=None, seed=None) for SpinHalf: implements the cluster
functions ®. [57, 58] as multilayer perceptrons (MLPs) with a configurable number of
hidden layers.

PYGFMC further provides a generic function to optimize a guide with NetKet [38,39]:
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guide = train_with_netket(

hamiltonian, # only get_rates is required
guide, # only log_psi is required
local_hilbert_space=None, # defaults to hamiltonian.local_hilbert_space
N=None, # defaults to hamiltonian.N

# sampler and further VMC settings

*

)

A new guide of the same class is returned and the original is left untouched.

Continuing the running example, a one-parameter Jastrow ansatz f3;; = f8 defined on the
Hamiltonian edges can be created via:

from pygfmc.wavefunction import JastrowSpinHalf
guide = JastrowSpinHalf(H.N, H.edges, beta=0.1)

Further implementation details are given in the appendix: implemented guides (Appendix F),
user-defined guides (Appendix G), and the NetKet [38,39] integration (Appendix H).

4.4 Observables (optional)

An observable can be created with the same interface as the Hamiltonian. While an
off-diagonal observable needs M_total and get_rates(config), as a Hamiltonian does, a
diagonal observable needs only diagonal_weight(config), which is cheaper to evaluate.
As discussed in Section 2.5, the matrix elements of the off-diagonal operator must be
nonnegative. Operators with mixed signs must be split into positive and negative parts and
measured separately (see Equation 16). The observables are passed to the main pipeline as
dictionaries keyed by name, via the diag_operators and off_diag_operators arguments (see
Section 4.5), and the returned estimates are mirrored back in the same key structure.

Launching an auxiliary Markov chain to measure an off-diagonal observable is expensive
and scales with m,,, = max(p)/2. It is therefore worth determining the autocorrelation
time first and launching the chain only once the walker ensemble has decorrelated. Within
the production run, this is controlled by the off_diag_stride keyword, which measures the
off-diagonal observables only every off_diag_stride-th branching step. The energy and the
diagonal observables are unaffected and remain resolved at every step.

PYGFMC allows diagonal_weight(config) to return multiple values, which can be bene-
ficial in some cases. This is the case for the diagonal S*S* structure factor that can be com-
puted for several momenta simultaneously via SzSzStructureFactor(positions, k_vectors)
for the SpinHalf class. The function takes the positions of the sites, given as an array of shape
(N,dim), and a selection of k vectors of the same dimension:

$%(k)= > _2cos(k- (r;—1;) ) SS%. (43)

i<j

The k vectors must be compatible with the periodic boundary conditions, k - a; € 2nZ for the
lattice vectors a; spanning the system.
StructureFactor(positions, k, channel=’SpSm’) returns the corresponding off-diagonal
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operator for the transverse structure factor of the SpinHalf class,

0= [1+cos(k-(r;—1;))](4B; +h.c.) =AB(0) +AB(K),  (44)

i<j
Wlth AB(k) = Z COS(k . (l‘i — 1‘]) )(AIB] + h.C.) . (45)

i<j
There are different options for the channel: ’SpSm’: A= S* and B =S; ’SpSp’: A= S*
and B = S™; >SpSm+SpSp’ : the sum of the two, S;rSj_ + S;’S;’ +h.c = 4819‘5;‘. The channel
’SzSz’ (A= B = S§*) yields the diagonal operator S**(0) + S**(k) of Equation 43. Notably, we
compute the structure factor at a given k vector plus the zero vector. This avoids the problem

that the cosine becomes negative.

We demonstrate how to compute the total and on-site magnetization operators S; | = > S?
and S§, their transverse counterparts S;;, and S7, and the diagonal and transverse structure
factors. We set sign_check=False, which disables the sign-problem-free check that is enforced
for Hamiltonians but not needed for observables.

import jax.numpy as jnp
from pygfmc.hamiltonian import SpinHalf, SzSzStructureFactor, StructureFactor

h_all = jnp.ones(L)

h_ 0 = jnp.zeros(L).at[0].set(1.0)

Sztot = SpinHalf.create(edges=[], N=L, h_z=-h_all)

Sz0 = SpinHalf.create(edges=[], N=L, h_z=-h_0)

Sxtot = SpinHalf.create(edges=[], N=L, h_x=-h_all, sign_check=False)
Sx0 = SpinHalf.create(edges=[], N=L, h_x=-h_0, sign_check=False)

# structure factors: all allowed k of the L-site ring at once
positions = jnp.arange(L)[:, None] # (N, dim)
k_vectors = 2 * jnp.pi * jnp.arange(L)[:, Nonel / L # (n_k, dim)

Szz = SzSzStructureFactor(positions, k_vectors)
Spm = StructureFactor (positions, k_vectors[L // 2], channel=’SpSm’)

diag_operators = {’Sztot’: Sztot, ’Sz0’: Sz0, ’Szz’: Szz}
off_diag_operators = {’Sxtot’: Sxtot, ’Sx0’: SxO, ’Spm’: Spm}

Appendix E demonstrates how to implement custom operators that can be fed into the PYGFMC
pipeline, such as multi-body terms or a simplified version of the structure factor.
4.5 Simulation driver

The four components above (Hamiltonian, walkers, guide, and observables) are tied together
using the run function, which is the core of PYGFMC. It executes an optional warm-up, the
production scan of ngp, branching steps, and the post-run statistics. When several GPUs are
visible, run automatically distributes the walker population across all of them. Measuring
diagonal observables is restricted to a single device.

Key input keywords. A complete list of the input arguments of run is provided in Ap-
pendix A. The most important keywords are:

¢ walkers: the initial walker ensemble (Section 4.2);

* n_steps: number of production branching steps;
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* hamiltonian: the Hamiltonian;

* step_size: an integer number of steps for the discrete methods ("single_step",
"multi_step"), Or a positive real imaginary-time length 8 for "cont_time" (see Sec-
tion 2.3);

* guide: guiding wavefunction (use None if no guide should be used);

* p_array: list containing the number of branching steps p defining the projection
depth (see Section 2.6.2);

* method: propagation scheme (see Section 2.3):

- "single_step" for step-by-step propagation,
— "multi_step" for batched discrete substeps, or

— "cont_time" for the continuous-time scheme.
(Default: "cont_time");
* rng_key: JAX PRNG key (Default: jax.random.PRNGKey (secrets.randbits(32)));
* lam: diagonal shift A (only required for discrete propagation methods);

* diag_operators: diagonal observables as a keyed dictionary as described in Sec-
tion 4.4 (Default: None);

* off_diag_operators: off-diagonal observables as a keyed dictionary as described
in Section 4.4 (Default: None).

Return values. The function returns the tuple (walkers, energy, obs, stats, raw) (rawis
optional), where

* walkers: the updated walker batch;
* energy: a dict of length len(p_array);

* obs: a nested dict accessed as obs[name] [p], where the outer key is the name of
the operator and the inner key is the number of projection steps p;

* stats: a dictionary with the attributes of the statistics function described
in Section 2.6, together with ’avg_log_weight’, ’it_per_sec’, ’runtime’ and
*total_wall_time’, the autocorrelation times under the ’autocorrelation/’ prefix,
and the run’s own inputs under ’parameters/’;

e raw: a dictionary with the raw, step-resolved GFMC values: log_weights and
energy are 1D arrays of length ng.,. Observables are accessed via nested keys
with [’diag’] [’<name>’] and [’off_diag’] [’<name>] that contain arrays of shape
Ngieps X Ny, Where 1, is the length of p_array. Diagonal operators may hold an array
of shape ngeps X 1y X 11, Where ny is the number of return values of diagonal _weight.
Ngieps 1S Teduced if of£_diag_stride is greater than 1 for the off-diagonal observable.
They contain the raw estimators of the observables. The dictionary also includes
off_diag_norm, which has the same dimensions and contains the logarithmic weight
obtained by the auxiliary chain evolved over m = p/2 steps.
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Storing and resuming a simulation. Objects returned from the production run can simply
be stored using the function:

write_to_HDF5(

filename, # created if absent, appended to otherwise

stats, # statistics and input parameters, required

walkers=None, # final walker ensemble

energy=None, # energy per p

obs=None, # observables per p

raw=None, # per-step energy, log weights and observables
#

walker_filename=None, separate file for the walker ensemble

It is designed both to create a file initially and to append data from consecutive simulation

runs.

»

(i)

(dii)

(iv)

Data are categorized into four groups:

The initial creation stores all fixed input parameters, including data types and hashes for
the Hamiltonian, guide, and observables. These are stored in the group ’/parameters’.
When a simulation is resumed (see below), for example, when more steps are required
for better statistics, all relevant parameters are checked to ensure consistency between
simulations.

Each simulation also stores data in a designated group, ’/run_<n>’ for the n-th simu-
lation. This group contains the following (when provided): the energy per p (energy),
the observables per p (obs), and statistics (stats). The statistics include the branch-
ing diagnostics of Section 2.6, the autocorrelation times, and other information such as
the iterations per second or the runtime. We further store a hash of the final walker
ensemble and the seed to ensure a continuous, reproducible simulation.

The final walker ensemble (needed to relaunch the simulation) is stored in
’/current_walkers’ if provided. Storing the walker ensemble might require a
large amount of disk space. Hence, we provide the option to store it instead in
walker_filename when it is provided. It is overwritten with each new call.

The raw data (per-step energy estimator, logarithmic weights, or observables) are ap-
pended in the group ’/raw’. These arrays continuously grow in size whenever another
production run is launched.

The simulation can be relaunched from the HDF5 file using

walkers, energy, obs, stats, raw = run_from_ HDF5(

)

filename,

hamiltonian,

guide=None,
diag_operators=None,
off_diag_operators=None,
n_steps=None,
walker_filename=None,

file written by write_to_HDF5

checked against the stored hash
checked against the stored hash
checked against the stored hashes
checked against the stored hashes

None reuses the last number of steps
read the ensemble from a separate file

H O H O HH

This is essentially a wrapper for the run function and returns the same objects. Before it
launches the calculation, it verifies that the input classes (Hamiltonian, observables, and
guide) have matching hashes. Since the simulation is relaunched from an equilibrated en-
semble, the warm-up is skipped. When n_steps is not given, it reuses the number of steps
used in the previous calculation.

The file grows continuously and holds the entire main chain. Continuing with the stored
RNG key reproduces the trajectory of one contiguous run. Therefore, it can be used to resume
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a long simulation after a timeout or crash when intermediate steps are stored.

PYGFMC can compute observables and energy from the raw dictionary, which is either
returned from the run function or loaded from disk via raw = load_raw_from_HDF5(filename) :

energy, obs = evaluate_observables(

raw, # raw data
p_array=None, # None reuses the stored branching steps
n_blocks=None, # number of jackknife blocks; None returns no errors

)

The energy can be assessed for arbitrary branching steps in post-processing by passing an
array of p values to the function. This is not the case for observables, as they have already
been computed for a given number of steps p.

The function can also return estimates of the error using a blocked jackknife as discussed in
Section 2.6.1. If n_blocks is given, the function returns (energy, obs, energy_err, obs_err)
instead. However, we recommend running independent simulations and comparing their
means rather than relying solely on the jackknife analysis. Note that both approaches estimate
only the statistical error and do not capture the systematic bias from a finite projection depth.

We complete our example with:

from pygfmc import run, write_to_HDF5, run_from_HDF5

walkers, energy, obs, stats, raw = run(
walkers, n_steps=5000, hamiltonian=H, step_size=0.5,
guide=guide, p_array=[4, 8, 16, 32], warmup_steps=500,
method=’cont_time’, rng_key=rng,
diag_operators=diag_operators,
off_diag_operators=off_diag_operators,

)

write_to_HDF5(’run.h5’, stats, walkers, energy, obs, raw)

# continue the same chain for another 5000 steps
walkers, energy, obs, stats, raw = run_from_HDF5(

’run.hb’, H, guide, diag_operators, off_diag_operators,
)

write_to_HDF5(’run.h5’, stats, walkers, energy, obs, raw)

Parts of the code snippets above are collected in notebooks/xxz_chain.ipynb.

5 Discussion

PYGFMC provides a GPU-accelerated implementation of Green’s function Monte Carlo for sign-
problem-free quantum lattice models. By exploiting the substantial computational capabilities
of modern GPUgs, it can study problems that were previously hardly accessible. The resulting
speedup of nearly three orders of magnitude enables more expressive guiding wavefunctions
and walker populations of up to 107 (see Figure 3). We have demonstrated that PYGFMC
reliably resolves the ground state of frustrated magnets for which other quantum Monte Carlo
methods, such as the stochastic series expansion, struggle to reach low temperatures [19,20].
This makes it a competitive alternative for ground-state properties.

The library provides built-in Hamiltonians and guiding wavefunctions, diagonal and off-
diagonal estimators, HDF5-based storage and continuation, and support for custom classes
without modifying the core engine. Furthermore, it integrates with NetKet [38,39], providing
access to a broad range of variational wavefunctions and robust training procedures. The
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repository includes various notebooks with examples, and detailed documentation is available
at https://github.com/robin-schaefer/PyGFMC.

The code was developed from our earlier C++ implementation with the assistance of coding
tools based on large language models and has been validated through extensive test suites
(see Appendix B). The manuscript, documentation, and code comments are designed to make
the library accessible to both human users and coding agents. We encourage agent-assisted
development on top of PYGFMC.

We see two directions for future work. First, while GFMC with its fixed walker ensemble
is especially well suited to GPUs, other variants of quantum Monte Carlo (see Refs. [27,65])
would likely benefit from the same computational power. Thus, it is worth exploring GPU
implementations of other quantum Monte Carlo methods. Second, we find that a carefully
chosen ansatz wavefunction is the key to a well-converged simulation. Implementing and
benchmarking further variational wavefunctions, such as physically motivated neural quantum
states [66], therefore offers a promising route to increasingly challenging problems such as
spin glasses.
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A Arguments for the production run

The production run takes the following arguments:

e walkers: the initial walker ensemble (Section 4.2);
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* n_steps: number of production branching steps;

* hamiltonian: the Hamiltonian;

* step_size: an integer number of steps for the discrete methods ("single_step",
"multi_step"), Or a positive real imaginary-time length  for "cont_time" (see
Section 2.3);

* guide: guiding wavefunction (use None if no guide should be used);

* p_array: list containing the number of branching steps p defining the projection depth
(see Section 2.6.2);

* method: propagation scheme (see Section 2.3):

— "single_step" for step-by-step propagation,
— "multi_step" for batched discrete substeps, or

— "cont_time" for the continuous-time scheme.
(Default: "cont_time");
* rng key: JAX PRNG key (Default: jax.random.PRNGKey(secrets.randbits(32)));
* lam: diagonal shift A (only required for discrete propagation methods);

* n_devices: number of devices used by run (Default: None, meaning jax.device_count() ).
Set 1 to force single-device execution. Runs containing diagonal observables automati-
cally fall back to a single device;

* diag_operators: diagonal observables as a keyed dictionary as described in Sec-
tion 4.4 (Default: None);

* off_diag_operators: off-diagonal observables as a keyed dictionary as described in
Section 4.4 (Default: None);

* off_diag_stride: measure the off-diagonal operators only every off_diag_stride-th
production step (see Section 4.4) instead of at every step (Default: 1);

* off_diag_batch_size: number of walkers to which an off-diagonal operator is applied
at once. This reduces the memory peak when an off-diagonal operator is applied to an
ensemble by a factor of njye;/ 0ff_diag_batch_size (Default: None);

* warmup_steps: total number of warm-up steps, split across four stages. If avg_log_weight
(see below) is not given, the warm-up determines avg_log_weight (Default: None);

* avg_log_weight: normalization of the weights at each branching step (see Equation 6).
When not given and warmup_steps is not set, 1000 warm-up steps are executed to de-
termine it (Default: None);

* verbosity: integer 0-10 controlling the amount of printed output (Default: 7);
* number_of_outputs: number of progress lines printed during production (Default: 100);

* return_raw: return (walkers, energy, obs, stats, raw) when True (Default), or
(walkers, energy, obs, stats) when False.

The first six arguments are positional; all others are keyword arguments.
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B Validation

We have implemented several tests to verify the code within two test suites. The first suite,
core, checks individual parts of the code. The second suite, benchmark, performs end-to-end
benchmarks of various models against QuSpin [3, 4], DanceQ [5, 6], and TeNPy [10]. The
suites take about 50 and 140 minutes to run on a single CPU, respectively.

B.1

Core tests

The core suite contains over 500 tests. We summarize the most relevant ones below.

Diagonal and off-diagonal estimators.

We test the auxiliary chain used to measure the off-diagonal operator by measuring the
identity operator. When the auxiliary chain is propagated with the same seed as the
main Markov chain, the weights of the auxiliary chain equal those of the main Markov
chain.

Diagonal observables are measured both directly and with the (off-diagonal) forward-
walking technique. The two estimates must agree to floating-point precision.

We compare runs with different off_diag_stride values against a run without stride.

Guiding wavefunctions.

A guide may implement any of the three functions: log_psi, log_diff_from_configs,
and log_diff_from_operator. We check that all implemented methods are mutually
consistent.

We test consistent writing to and loading from disk using HDF5.

We have implemented the option to use the exact wavefunction as a guide. We check
that the local energy equals the ground-state energy on every configuration. This tests
the correct implementation of the transition rates. We further compute off-diagonal
estimators with the exact guide.

We test the NetKet training of each guide.

Other tests.

For every Hamiltonian class, we probe the functions get_rates and generate_state
against an explicit matrix construction for every configuration of a small system.

We further check that the diagonal_weight function matches the first entry of get_rates.

We ensure that single-device and multi-device runs reproduce the same data within sta-
tistical noise.

We probe writing and loading the walker population to and from disk in HDF5.
We verify the generation of different walker ensembles.

We check bitwise identity by splitting a simulation into different segments using the
write_to_HDF5 and run_from_HDF5 functions.

A golden-output regression test pins short runs over every combination of propagator,
Hamiltonian class, and compatible guide. We measure the observables, configurations,
weights, local energies, and statistics.
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B.2 Benchmark against other methods

We benchmark PYGFMC against QuSpin [3,4], DanceQ[5,6], and TeNPy [10]. Table 1 lists all
tested combinations of Hamiltonian class and couplings. For each combination, we compare
the ground-state energy and available diagonal reference observables. We further compare
off-diagonal observables for the combinations marked in the last column of Table 1.

The geometries we used are labeled by type and number of sites N. They are partially
shown in Figure 8. R4, R9, and R13 are randomly generated graphs with 4, 9, and 13 sites,
shown in Figure 8(a—c). T8, T12, and T16 are toric-code lattices [40] on periodic 2 x 2, 2 x 3,
and 2 x 4 square lattices, where the spins sit on the N = 2L, L, edges. To benchmark larger
systems with DMRG, we use a two-leg ladder with L = 50 rungs and open boundary conditions
(L100), see Figure 8(d). The ring-flip model is benchmarked on a pyrochlore lattice containing
N = 128 sites constructed from 2 x 2 x 2 cubic unit cells and is labeled P128. We compute
the ground state in the zero-flux ice sector, whose Hilbert-space dimension is 8.1 x 10'°, using
constrained exact diagonalization. The data are obtained by a massively parallelized Lanczos
calculation based on DanceQ [5,6]. All models are run with the "multi_step" method. The
SpinHalf sets are additionally run with "single_step" and "cont_time" for every geometry.

Hamiltonian Parameters Geometry Off-diag.
Spin S=1,J,=1,J,=-1 R4, R9, L100 N
Spin S=1,J,=1,J,=-1,J., =—0.5, h, =4, R4,R9,L100 —
h,=0.5
Spin S=1,J,=1,J.,=—1,h, =2 R4, R9, L100 —
SpinHalf Jo=-1J,=-1,J,=1 R4, R9, R13, L100 —
SpinHalf J,=0,J,=0,J,=—4,h, =4 R4, R9, R13, L100 N
SpinHalf J,=0,J,=0,J,=—4,h, =8 R4, R9, R13, L100 —
BoseHubbard t=05n1n=05U=4u=2,n,, =2 R4, R9, L100 —
BoseHubbard t=1,1=0,U=2,u=1,n,,,=2 R4, R9, L100 N
ToricCode A;=1,B,=1,h,=0,h, =0 T8, T12, T16 N
ToricCode A,=1,B,=1,h,=0.1,h,=0.1 T8, T12, T16 —
ToricCode A;=1,B,=1,h,=0.5,h, =0.5 T8, T12, T16 —
ToricCode A;=1,B,=1,h,=2,h, =2 T8, T12, T16 —
PlaquetteModel g=1,u=0 P128 —
PlaquetteModel g=1,u=1 P128 N

Table 1: Models benchmarked against QuSpin [3,4], DanceQ[5,6], and TeNPy [10].
The first column lists the Hamiltonian class, the second lists its parameters, the third
lists the underlying lattice, and the fourth marks whether off-diagonal observables
were measured. The lattices are labeled by type and number of sites N: RN denotes
randomly generated graphs (R4, R9, and R13; Figure 8(a—c)); LN denotes the two-
leg ladder with open legs (1.100; Figure 8(d)); TN denotes the toric code model on

a periodic L, x L, torus with N

X-y»

= 2L, L,; and P128 denotes the pyrochlore lattice

with 128 sites. The R and T geometries are checked against QuSpin (exact diago-
nalization), and L100 is checked against TeNPy (DMRG). P128 is checked against
a Lanczos calculation performed inside the ice manifold (u = 0) and against exact
analytical results at the Rokhsar—Kivelson point (u = 1). Each row is compared with

its reference for the ground-state energy and a set of diagonal observables.
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(a) R4 (N = 4) (b) R9 (N = 9) (¢c) R13 (N = 13)

(d) L100 (N = 100)
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Figure 8: Geometries used in Table 1. (a)-(c): The randomly generated graphs R4,
R9, and R13 with N =4, 9, and 13 sites. (d): The two-leg ladder L100 with open
boundary conditions.

C Convergence in the pyrochlore XXZ model

We provide additional data on the convergence of the structure factor S$*(q = 0) from Equa-
tion 29. Figure 9 shows how S*(q = 0) converges with the projection depth 7 for N = 1024.
We find that convergence is achieved reliably for T ~ 10 “deep” within the ferromagnet
(ny /J, < —0.12) and “deep” within the quantum spin liquid (ny /J, = —0.09). Hence, sim-
ulations were conducted for T &~ 14 in the ferromagnet and 7 ~ 20 in the quantum spin ice
phase. In contrast, the transition region J,., /J, € [—0.11,—0.10] requires a larger projection
depth, as shown in the inset of Figure 9. The order parameter S*(q = 0) decreases by approx-
imately 2.5% to 8% between T = 20 and 7 = 30, and by 0.2% to 2.7% between 7 = 30 and
T = 40. To estimate the remaining error from the finite projection depth, we fit S*(q = 0)
for t > 10 to f(7) =ce ®" + b. The extrapolated value b, which corresponds to the T — 0o
limit, is shown using red markers in Figure 9. It is visually indistinguishable from the data at
the largest .

We further show the order parameter computed with the guiding wavefunction alone
(without GFMC) using black diamonds in Figure 9. While the guide captures the overall trend
of a small order parameter in the disordered phase and a strong signal in the ordered phase,
it clearly struggles to obtain reliable data around the transition region, making a systematic
finite-size scaling impossible. In particular, the guide estimates vary irregularly between neigh-
boring values of J,., /J,. The variation suggests that optimization ended up in different local
minima. However, the GFMC algorithm reliably projects onto the true ground state, resulting
in a smooth curve.

D Implemented operator classes

All pre-implemented Hamiltonian classes provide the necessary functions and attributes intro-
duced in Section 4.1: M_total, get_rates, generate_state, and diagonal_weight. The classes
allow the couplings to be given as a uniform scalar or as per-edge/per-site/per-plaquette ar-
rays. Each constructor verifies that the resulting model is sign-problem-free. The check can
be bypassed with sign_check=False, which is necessary when a Hamiltonian class is used as
an off-diagonal operator. All constructors accept a dtype keyword (default jnp.float32). We
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Figure 9: Convergence of S*(q = 0) from Equation 29 with the projection depth ©
for the pyrochlore XXZ model from Section 3.2 at N = 1024. The color bar refers to
different 7 values. Red squares show the extrapolation T — ©o, obtained by fitting
ce %" + b to the data for 7 > 10. Black diamonds show the expectation value from
the guiding wavefunction without GFMC. The inset zooms into the transition region
Jyy/J; €[—0.11,—0.10].

recommend using jnp.float32, as GPUs are substantially slower when handling jnp.floaté4.

Spin. Spin-S Hamiltonian with single- and two-body terms and a local Hilbert space of di-
mension 25 + 1 spanned by the values —S,...,S:

H = > [0,858% +Juyj(STS7 +575F ) +Juwj(SFST +5757) |
(ij)
> [heiSE+hay(sF+57)], (46)
i
where (ij) runs over a given edge list. The model is sign-problem-free for J,, J,, < 0 and
hy >0.

Spin.create(edges, S=0.5, J_z=0.0, J_pm=0.0, J_pmpm=0.0,
h_z=None, h_pm=None, N=None, sign_check=True)

SpinHalf. This class is optimized for spin-1/2 Hamiltonians:
H o= (JoSESE+1,S)8Y +17,;5:8) — > (h, 1S5 +hy ;ST). 47)
(ij) i

Internally, the transverse couplings are stored as J. = (J, +J,)/4 (spin exchange) and
Jis+ = (Jy —J,)/4 (double spin flip). The model is sign-problem-free for J., J;» < 0 and
h, = 0. Notice that, when J;. > 0 and h, = 0, it is possible to swap J, and J,.

SpinHalf.create(edges, J_x=0, J_y=0, J_z=0, h_z=None, h_x=None,
N=None, sign_check=True)
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BoseHubbard. Bose-Hubbard model with hopping t on each edge, a pairing amplitude eta
on each edge, on-site interaction U, chemical potential mu, an optional amplitude h_pm multi-

plying both bl’ and b;, and a hard occupation cutoff n_max:
H = — > [t;;(b]b; +h.c) +n;(b]b] +h.c.)]
(ij)
+Z[% ni(ni—l)—,ul- ni—hi’i(bj'i'bi)]. (48)

Configurations are occupation numbers O,...,n,,. The model is sign-problem-free for
t, mn, h:l: = 0.

BoseHubbard.create(edges, t=0.0, eta=0.0, U=0.0, mu=0.0,
h_pm=None, N=None, n_max=4, sign_check=True)

ToricCode. Toric code on an L, x L,, torus with periodic boundaries and stabilizer couplings
A_s, B_p and local fields h_x, h_z [40].

H = —ZAEV) l_[ o';( — ZBI()P) l_[ af — th,iaf — th,io'f, (49)
v iex(v) p iea(p) i i

Note that this class uses Pauli operators rather than spin-1/2 operators. The spins live on the
2L, L, edges of the square lattice. The model is sign-problem-free forAgv), h,; = 0 everywhere.

ToricCode.create(Lx, Ly, A_s=1.0, B_p=1.0, h_x=0.0, h_z=0.0, sign_check=True)

PlaquetteModel. Ring-exchange terms of amplitude g on an arbitrary collection of plaque-
ttes of equal length ¢, given as an (Npjaquette; £) array, together with a Rokhsar-Kivelson poten-
tial mu [41]:

H=— > g5 S +he)+ > p,n®, (50)
p=(i,j,....k)eP peEP
where the sites in p = (i, j, ..., k) are ordered around the loop, and ngip indicates whether p

is flippable. Note that £ must be even. Writing the two flippable configurations as |Op> and
|Op >, the same Hamiltonian reads:

H = _;gp(|op><op| + |Op><op|) + ;“puopxop’ + {op><op|)' GD

The model is sign-problem-free for g > 0 with mu of either sign.

PlaquetteModel.create(plaquettes, g=None, mu=None, sign_check=True)

E User-defined operator classes

We demonstrate how the user can construct their own operator classes using spin-1/2 degrees
of freedom, which are encoded as (—1,1). Section E.1 defines an n-body Hamiltonian that
acts through a product of 0 and o* on multiple sites. Section E.2 defines the diagonal S$*S*
structure factor.
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E.1 An n-body Hamiltonian

The Hamiltonian consists of an on-site field and products of operators acting on given clusters

of n sites:
H=—JZZ]_[a§—JxZ]_[of—hZaf, (52)

ceC iec ceC iec

where C is a collection of n-site clusters. Note that we use Pauli operators instead of spin
operators. The o” part is diagonal and the o* part flips every site of a cluster at once.
Therefore, each cluster contributes exactly one off-diagonal transition and M_total = |C| + 1.
The model is sign-problem-free for J, > 0.

import jax
import jax.numpy as jnp

class NBody:
def __init__(self, clusters, J_z, J_x, h=0.0):
self.clusters = jnp.asarray(clusters) # (n_terms, n)
self.J_z, self.J_x, self.h = J_z, J_x, h
self.M_total = 1 + self.clusters.shapel[0]

def get_rates(self, config, return_configs=False):
diag = self.diagonal_weight(config)
off jnp.full(self.clusters.shape[0], -self.J_x)
rates = jnp.concatenate([jnp.array([diagl), off])
if not return_configs:
return rates, None
flips = jax.vmap(lambda c: config.at[c] .multiply(-1)) (self.clusters)
return rates, jnp.concatenate([config[None, :], flips])

def generate_state(self, config, idx):
flipped = config.at[self.clusters[idx - 1]].multiply(-1)
return jnp.where(idx == 0, config, flipped)

def diagonal_weight(self, config):
return (-self.J_z * jnp.sum(jnp.prod(config[self.clusters], axis=1))
- self.h * jnp.sum(config))
jax.tree_util.register_pytree_node(
NBody,

lambda h: ((h.clusters,), (h.J_z, h.J_x, h.h)),
lambda aux, children: NBody(children[O], *aux))

The class is registered as a JAX pytree.

E.2 S*S* structure factor

The S*S* structure factor at wavevector Kk,

SZZ(k) — Z (eikdl'ij + e—ik'drij) SfSJZ = Z 2cos (k . drij) SlZS]Z s (53)

i<j i<j

is diagonal in the computational basis. Hence, it only needs the diagonal_weight (config)
function. dr;; is the displacement between sites i and j and is passed to the constructor as
one vector per pair so that the weights 2 cos(k - dr;;) can be precomputed.

class PairSzSz:
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def __init__(self, pairs, dr, k):
self.pairs = jnp.asarray(pairs) # (n_pairs, 2)
self.w = 2.0 * jnp.cos(jnp.asarray(dr) @ jnp.asarray(k))

def diagonal_weight(self, config):
s = config[self.pairs]
return 0.25 * jnp.sum(self.w * s[:, 0] * s[:, 11)

F Implemented guiding wavefunctions

We provide different Jastrow-type guides that can be directly used within different classes.
These wavefunctions have the form

logtpr(x) = > &(c[x]), (54)

ceC

where the log-amplitude of each configuration is simply obtained by adding up the contribu-
tions of the finite-size clusters ¢ € C. This ansatz has two advantages. First, it can easily be
constructed to respect the symmetries of the system. Second, it can be evaluated quickly, as
a transition between configurations typically affects only a subset of the clusters. The guides
can be stored in and read from HDF5 via guide.save(path) and Class.load(path), so that a
previously trained guide can later be used for the Monte Carlo simulation. All constructors
accept a dtype keyword (default jnp.float32).

JastrowSpinHalf. The clusters are the spin pairs ¢ = {i, j} listed in pairs together with the
single sites,

beta is either a scalar, resulting in a uniform coupling, or an array whose length matches the
number of pairs. Similarly, h can be a scalar or an array of size N.

JastrowSpinHalf (N, pairs, beta, h=None)

JastrowSpin. Similar to JastrowSpinHalf() but implemented for the Spin class, with
X; € {—S,,S}

Oy 0ex)) = —Biixixj,  Blx) = hix;—dix?. (56)

JastrowSpin(N, pairs, beta, h=None, d=None)

JastrowBoseHubbard. Similar to JastrowSpinHalf () but implemented for the BoseHubbard
class, with x; the occupation of site i:

@ 3 (xi, x;) = —Bijxixj, ®y(x;) = hyx;—d;x?. (57)

JastrowBoseHubbard(N, pairs, beta, h=None, d=None)

39



SciPost Physics Codebases Submission

ClusterCPS. The correlator product state [57, 58] allows for different groups of clusters,
where N;; is the number of groups and the log-amplitude is obtained by:

Ng

logpr(x) = D > @ (clx]). (58)

g=1ceCy

C, is a collection of clusters of equal size L, and &, is a lookup table that maps a configuration
to a real number. The lookup table has 2% entries since it is defined for the SpinHalf class.
Each group g is passed as [clusters, symmetries, parity], where clusters is a two-
dimensional array of shape (|C,|, L,) defining the clusters of the group. symmetries contains
all automorphisms to be applied to the lookup table, meaning that configurations that are
connected by a given automorphism will have the same amplitude. It is a two-dimensional
array of size (N, L,), where N, is the number of automorphisms provided, or None if no
automorphism is imposed. parity is a Boolean (True or False) referring to the global spin
flip 0¥ — —0® symmetry. The symmetry holds for h, = 0. The spatial symmetries and parity
reduce the table to its inequivalent orbits. For example, the number of free parameters in the
lookup table was reduced from 28 = 262144 to 2110 in the pyrochlore example of Section 3.2.

ClusterCPS(groups, amplitudes=None, init=’zero’, seed=None)

groups is the list of group specifications introduced above, with one entry per group. An
already trained set of lookup tables is passed as amplitudes with one array per group. If
amplitudes=None, the tables are initialized either to zeros (’zero’) or to small Gaussian noise
(’gaussian’). A seed can be set by seed.

ClusterMLP. It has a similar structure to ClusterCPS, but encodes each cluster group by a
multilayer perceptron &, instead of a lookup table. See NetKet [38,39] for a detailed de-
scription of such architectures. All clusters of a group share one network, which may have
several layers, so that the number of parameters is set by the width and depth of the network
rather than by the cluster size L,. The arguments of the constructor are the direct analog of
those of ClusterCPs. Each group g is passed as [clusters, hidden]. clusters is again a two-
dimensional array of shape (|C,|, Ly), and hidden lists the widths of the hidden layers of that
group’s network. For example, if hidden=[8, 4] and the clusters of the group contain L, =6
sites, the network will have the following dimensions: (6,8,4,1). The input layer is fixed by
the cluster size and the output layer is the final scalar.

ClusterMLP(groups, params=None, seed=None)

The weights and biases (W®, b)) of all groups can be passed as params, one pair per
layer and group, and must be consistent with the layer dimensions implied by clusters and

hidden. If params=None, the biases are set to zero and the weights are drawn from a Gaussian
of width 0.01.

In our benchmarks, we find that ClusterMLP achieves lower energies than ClusterCPS. It
is possible to train ClusterMLP and load the amplitudes per state in ClusterCPS. However,
ClusterMLP breaks symmetries and potentially requires deeper projections within the GFMC
algorithm.

ExactGroundState. We further provide the option to use the exact ground state as a guide,
PYr(x) = (x|¥,) |, obtained by exact diagonalization of the given Hamiltonian. This is mainly
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meant for validation.

ExactGroundState(
hamiltonian,
log_amp=None, # precomputed loglpsi_O|; None diagonalizes
hamiltonian
local_hilbert_space=None, # None uses hamiltonian.local_hilbert_space
N=None, # number of sites, defaults to hamiltonian.N

G User-defined guiding wavefunctions

We show how to implement a simple custom guide whose logarithmic amplitude for a config-
uration is given by the total magnetization times a control parameter f3:

logtr(x) = B Y 0%, (59)

While the functions log_psi and log_diff_from_configs are independent of the underlying
Hamiltonian, we also implement log_diff_from_operator, which is tailored to the n-body
Hamiltonian in Section E.1. The local Hilbert space is encoded as (—1, 1), representing spin-
1/2 degrees of freedom.

class MagnetizationGuide:
def __init__(self, beta):
self .beta = jnp.asarray(beta)

def 1og_psi(se1f, config, cache=None):
# config is (N,) or (m, N)
return self.beta * jnp.sum(config, axis=-1)

def log_diff_from_configs(self, config, new_configs, cache=None):
return self.log_psi(new_configs) - self.log_psi(config)

def log_diff_from_operator(self, config, op, cache=None):
# flipping the sites of cluster k changes the magnetization
# by -2 sum_{i in cluster k} sigma_i; entry O is the diagonal
dm = -2.0 * jnp.sum(configl[op.clusters], axis=1)
return self.beta * jnp.concatenate([jnp.zeros(1l, dtype=dm.dtype), dm])

jax.tree_util.register_pytree_node(
MagnetizationGuide,
lambda g: ((g.beta,), None),
lambda aux, children: MagnetizationGuide(*children),

H NetKet integration

PYGFMC offers a bridge for training PYGFMC guiding wavefunctions directly with NetKet [38,
39]. By passing the PYGFMC Hamiltonian and the guide, together with the settings for the
training procedure (see the NetKet documentation for more details), the variational opti-
mization is carried out by NetKet. The guide only requires log_psi and a registration as
a pytree whose floating-point children are the variational parameters (see the implementa-
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tion of the guides in Appendix F and Appendix G for details). The Hamiltonian only requires
get_rates. A new guide of the same class is returned with optimized parameters.

It is often desirable to constrain the variational states to respect the underlying symmetries
of the Hamiltonian, such as particle number conservation. For this purpose, one can pass
initial_states and a sampler that restrict the states to a given symmetry sector. The default
option is MetropolisExchange, which conserves the particle number.

from pygfmc.wavefunction import train_with_netket

guide = train_with_netket(

hamiltonian, # only get_rates is required

guide, # only log_psi is required

local_hilbert_space=None, # defaults to hamiltonian.local_hilbert_space

N=None, # defaults to hamiltonian.N

sampler=None, # NetKet sampler; carries its own Hilbert space

initial_states=None, # (n, N) states seeding the Metropolis chains,
# resampled to n_chains, so n is unrestricted

n_iter=100, # VMC iteratioms

learning_rate=0.02,

n_samples=1024, # samples per iteration

n_chains=16, # parallel Metropolis chains

n_discard_per_chain=8, # warm-up samples dropped per chain

sr=False, # stochastic reconfiguration

diag_shift=1e-3, # SR regularization

qgt=None, # quantum geometric tensor implementation

seed=0,

show_progress=False,

return_history=False, # also return the per-iteration energies
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